Abstract-Restricting the light escape angle within a solar cell significantly enhances light trapping, resulting in potentially higher efficiency in thinner cells. Using an improved detailed balance model for silicon and neglecting diffuse light, we calculate an efficiency gain of 3% ab s for an ideal Si cell of 3-μm thickness and the escape angle restricted to 2.767°under AM1.5 direct illumination. Applying the model to current high-efficiency cell technologies, we find that a heterojunction-type device with better surface and contact passivation is better suited to escape angle restriction than a homojunction type device. In these more realistic cell models, we also find that there is little benefit gained by restricting the escape angle to less than 10°. The benefits of combining moderate escape angle restriction with low to moderate concentration offers further efficiency gains. Finally, we consider two potential structures for escape angle restriction: a narrowband graded index optical multilayer and a broadband ray optical structure. The broadband structure, which provides greater angle restriction, allows for higher efficiencies and much thinner cells than the narrowband structure.
radiative recombination such as GaAs, the photon recycling effect is significant [5] [6] [7] . However, in low radiative efficiency materials, like silicon, the light-trapping effect is more dominant, as light near the band edge is more completely absorbed [2] , [3] . Limiting the light escape angle significantly enhances the light-trapping mechanisms already utilized in current flatplate silicon cells, allowing for excellent light absorption in a very thin cell and reduced materials usage.
While the limiting efficiencies for silicon cells under angle restriction were initially calculated by Campbell and Green in 1986 [3] , we recalculate these efficiencies to include models for free carrier absorption [8] , improved Auger parameterizations [9] , and bandgap narrowing [10] that have been developed in the intervening decades. Using this model, we calculated a gain of 3% abs efficiency increase for an Auger-limited cell with maximum angle restriction (2.767°) and considering only the direct portion of the spectrum. We further develop the model to include surface and Shockley-Reed-Hall (SRH) recombination, allowing us to simulate the performance of current heterojunction and homojunction technologies [11] [12] [13] . We find that heterojuntion cells should be more ideal for angle restriction due to the lower surface recombination and the potential for thinner cells. We also find that excellent surface recombination and limited parasitic losses in inactive layers are crucial for significant efficiency improvements with angle restriction, while bulk lifetime has less of an impact.
When the escape angle is limited, the angles at which light can enter the cell are also limited, as a consequence of optical reciprocity. Thereby, escape angle restriction will also limit the portion of the diffuse spectrum that can be used by the device and the practical impact of escape angle restriction will depend upon the amount of diffuse light in a given location. However, for a concentrator system, the light is limited mostly to the direct portion of the spectrum as well. In these cases, we find that the gains from escape angle restriction are more clear and that combining moderate angle restriction with moderate concentration can offer more flexibility in system design and higher efficiencies.
There has been significant previous work on various designs for achieving angle restriction in silicon cells [3] , [14] [15] [16] [17] . However, most of these have focused on increasing short-circuit currents in very thin idealized cells. In contrast, we explore the effects of both narrowband rugate structures and broadband ray optical structures for angle restriction over a wide range of cell thicknesses and for both ideal and realistic cells. We find that broadband ray optical angle restrictors allow for larger efficiency enhancements than their narrowband counterparts, owing to the narrower angle restriction provided over a broader range of wavelengths when neglecting diffuse irradiance. With a broadband structure, efficiency increases up to 0.8% abs for heterojunction type cells and 1.5% abs for idealized cells are predicted for optimal cell thicknesses.
II. EFFECTS OF ANGLE RESTRICTION IN IDEAL AND REALISTIC SILICON CELLS
To model the effects of angle restriction, we use a detailed balance approach, assuming intrinsic silicon, with uniform carrier density throughout the absorber layer, and excellent carrier collection [18] . The net current J(V ) is given by
(1) Here, J L (V ) is the light-generated current is given by
where S(E) is the AM 1.5 direct solar spectrum, and C f is the external concentration factor, with voltage dependence owing to the free carrier absorption. The band-to-band absorptivity
where α(E) and α (E, V ) are the band-to-band and parasitic absorption coefficients, respectively, and θ e is the angle defining the escape cone [2] , [3] , [19] . Thus, as the escape angle, θ e , is reduced, a(E, V ) increases, as the escape cone for light within the solar cell narrows.
In second term of (1), the quantity R A (V ) is Auger recombination as a function of the electron and hole concentrations based on the recent parameterization determined by Richter et al. [8] , [9] , [18] . As Auger recombination is a bulk process, this term scales with the cell thickness, W . Electron and hole concentrations are determined from the assumed doping, the neutrality condition, the cell voltage, and the law of mass action [20] . Band gap narrowing is also included this term with intrinsic carrier concentration, n i,0 of 8.28 × 10 9 cm −3 [8] , [10] , [21] , [22] at T = 25°C.
The third term in (1), R RR (V ), accounts for current losses due to radiative recombination processes. This is modeled as black-body type radiative emission at each photon energy E and applied voltage V and allows us to include angle restriction as follows:
where h is Planck's constant, c is the speed of light, q is electron charge, and k is Boltzmann's constant. The first term accounts for the radiative emission from the material with absorptivity a(E) in the solid angle Ω c . For a planar emission, with escape angle restriction of θ e , the integral over Ω c results in sin 2 (θ e ). The second term is the parasitic absorptivity of spontaneously emitted light, a (E, V ), weighted by the square of the silicon refractive index, n r , to account for the relative concentration of light within the solar cell [4] , [18] , [19] , [23] , [24] . The parasitic absorptivity is given by
where the amount of parasitic absorption is proportional to both the band-to-band emission, and the parasitic absorption coefficient, α (E) [4] , [23] , [25] . Absorption in nonideal back reflectors is included along with free carrier absorption in the parasitic absorption coefficient
where α FCA (E, V ) is the free carrier absorption coefficient, R b is the back reflectivity, and a pass is the parasitic absorption per pass in inactive layers of the device [4] , [23] . Finally, for more realistic cell models, we also include other types of nonradiative recombination
where τ B is the bulk lifetime associated with SRH processes, and S is the effective surface recombination velocity (SRV) [26] . For both of these expressions, we assume a single SRV and SRH lifetime averaged over both carrier types, and, in the case of the SRV, both surfaces. Using these relations, we calculate the maximum power under angle restriction as well as short-circuit current, J SC , and opencircuit voltage, V OC . Table I summarizes the parameters and results used in all three cell models: ideal, heterojunction, and homojunction. Because the amount and angular distribution of diffuse light will vary significantly depending on location, we calculate the cell performance with respect to only the AM1.5 direct spectrum [27] , and efficiency is normalized to 90-mW· cm irradiance. We will discuss the potential impact of diffuse light below. Fig. 1 shows the results for an n-type lowly-doped (1 × 10 11 cm −3 ) silicon substrate assuming a perfect back reflector and neglecting all nonradiative recombination other than Auger. The parameters are chosen to minimize Auger recombination and match the calculations from [9] . Highest efficiency, up to a 3% abs increase, is achieved for thinner cells with narrow angle restriction. While thinner cells show improved performance, we limit the minimum cell thickness to 3 μm, as the absorptivity expressions above apply only in the ray optics limit. Additionally, there is a limit to optimal thickness when more realistic losses are considered, as described in the next section. Most of the enhancement at a given thickness is due to improved light trapping and a corresponding increase in J SC [see Fig From the efficiency [see Fig. 1 (a)], we see that optimal thickness decreases as angle restriction narrows. While narrow angle restriction and very thin cells lead to the highest efficiencies, for cells thicker than 50 μm, angle restriction narrower than 10°has less of an impact on cell performance, suggesting that improvement for wafer-based silicon cells may be achievable, even with fewer restrictive escape angles.
A. Angle Restriction in Ideal Cells

B. Angle Restriction in Realistic Cells
While the limiting efficiency case is of theoretical interest, it is also important to consider the effects of angle restriction on current production-type silicon solar cell technologies: a-Si/c-Si heterojunctions with lower surface and contact recombination and homojunction devices. For this reason, we include additional losses due to bulk SRH and surface recombination in (1) as well as including imperfect back reflectors and parasitic losses within the cell.
Parameters for the ideal cell are chosen to match the assumptions from [8] for maximum performance of a Si solar cell. Cell thickness is chosen to match the literature values for similar record devices [11] [12] [13] . Back surface reflectance is assumed to be ideal for a pyramidal textured rear surface with Ag rear contacts: full coverage for the heterojunction-type cell and 3% less in the homojunction-type cell to account for an all back contact design or local contact structure. For the heterojunction cell, we assume lowly doped n-type c-Si capped with 6 nm of a-Si on the front side and 9 nm of a-Si on the rear side [28] , and parasitic absorption in these layers is calculated using the optical properties of a-Si [29] . Due to a lack of specific information of the optical properties of transparent conducting oxides (TCO) for this cell, we do not calculate these losses directly but assume all losses occur in the a-Si layers. For both cell types, we fit SRV and τ B using the reported values of V OC under the AM 1.5 global spectrum [11] [12] [13] . Modeled efficiencies, V OC , and optimal thickness for these reference cells, with and without angle restriction, are reported in Table I. In Fig. 2 , there is a contrast in the effects of angle restriction in heterojunctions versus homojunctions, despite similar reported efficiencies for these two cells [13] . To see this more clearly, we consider the J SC and V OC values plotted in Fig. 2 . The absolute value of maximum J SC under angle restriction is larger for the homojunction type device due to less parasitic losses in the inactive passivation layers, but the relative gain in J SC is greater in the thinner heterojunction device architecture. The potential impact in V OC is also greater in heterojunctions due to effectively lower Auger recombination (tied to thickness) and less impact from surface/contact recombination. For both cell types, at all thicknesses, most of the increase in efficiency occurs between 10°and 70°suggesting that maximum angle restriction may not be necessary or optimal. Now, we use the complete model to further explore the relative impact surface/contact recombination, bulk recombination, and optical losses in realistic cells. In this discussion, we account for all optical losses due to imperfect reflectance and parasitic absorption in inactive layers as a single value of back reflectivity R b . In Fig. 3(a) and (b) , we plot the efficiency and efficiency increase under angle restriction as a function of back reflectivity, as well as examine the effect of a factor of two improvement in either SRV or bulk lifetime. While improvements in either back reflectivity, SRV, or lifetime lead to an overall efficiency enhancement, as shown in Fig. 3(a) , SRV and back reflectivity lead to greater efficiency increase with angle restriction as shown in Fig. 3(b) . As shown in Fig. 3(c) , which gives the optimal cell thickness at 10°angle restriction as a function of back reflectivity, improved SRV and back reflectivity lead to larger improvements with angle restriction as they allow for thinner optimal cells. In contrast, the optimal cell thickness under angle restriction is larger for longer lifetimes, as bulk recombination is reduced. Thus, improving SRV and back reflectivity are crucial to achieving thin high-efficiency silicon cells under angle restriction.
C. Angle Restriction With External Concentration
So far, we have considered the effect of escape angle restriction for enhanced light trapping in the solar cell. Next, we consider how external concentration can further enhance the performance of a Si device when used in combination with the same angle restriction geometry. An external concentrator will also limit the optical acceptance angle. Light is collected from a limited range of incoming angles and concentrated onto a smaller area with a broader angular spread. At the thermodynamic limit [30] of concentration by the factor C f , the relationship between the angular spread of incoming light θ in and the angular spread 
For solar radiation with perfect tracking, the direct spectrum is incident from a limited set of angles spanned by the image of the sun on the earth's surface and the spread of the circumsolar radiation [27] . Due to reciprocity, the angular spread of light after concentration limits the narrowest possible solar cell acceptance angle where all incoming light is collected and, therefore, the minimum emission angle θ out . In Fig. 4(a) and (b), we plot the efficiency and optimal thickness, respectively, of a heterojunction cell with angle restriction combined with various levels of concentration, neglecting heating or increased series resistance losses in the cells. Without concentration, efficiency can be improved up to 0.8% abs by narrowing the escape angle to 20°consistent with Fig. 4(a) . With concentration, the optimal thickness increases due to the increased carrier density and increased recombination rates. Conversely, and similar to the case with no concentration, we see that the optimal thickness decreases with increased angle restriction (assuming no heating). Thus, for a given concentration, higher efficiency could be reached with a thinner device. As mentioned previously, an angle restriction scheme would likely require tracking to ensure the sun's image falls within the allowed angles for light to enter the cell. A typical low-precision tracking system for solar is on the order of 5°; performance limitations for such a tracker are also indicated in Fig. 4 . With such a tracking system, using 50x concentration in combination with moderate angle restriction of 40°, a heterojunction device could achieve greater than 30% efficiency (with respect to the direct spectrum) with a 100-μm substrate. The tradeoff between thickness, concentration, and angle restriction offers a variety of options for attaining higher efficiency with a range of various module geometries.
D. Impact of Diffuse Light
By reciprocity and assuming conservation of entropy, any amount of angle restriction also limits the acceptance angle for absorption; a minimum of 10% of the ambient light in the case of the ASTM173 standards used here. For specific locations, the distribution of diffuse light will depend on scattering from molecules, aerosols, and clouds and in areas with high direct normal irradiance it will likely not be isotropically distributed. Thus, we have restricted the calculations to only considering the direct portion of the spectrum, even for cells with no angle restriction. All efficiency gains previously reported are only with respect to the normally incident portion of the spectrum regardless of angle restriction. To account for diffuse illumination, a specific model of the angular and spectral distribution of diffuse light would be necessary. To first order, however, we can evaluate the potential of angle restriction by examining peak power at two extremes: 1) a cell with no angle restriction under global illumination (100 mW · cm −2 ) and 2) the same cell with maximum angle restriction (2.767°) under direct illumination (90 mW · cm −2 ). The modeled efficiencies are summarized in Table I . For the ideal cell, we find that angle restriction could result in an overall gain of 0.59 mW · cm −2 (2.0% relative). For the heterojunction and homojunction devices, we find a loss of 1.62 mW · cm −2 (−6.6% relative) and 2.0 mW · cm −2 (−8.2% relative), respectively. This suggests that only in a device with minimal parasitic loss and nearly ideal material characteristics would gain from angle restriction overcome the loss of current from diffuse light. However, this assumes narrow angle restriction across the full spectrum. In practice, short wavelength light is strongly scattered in the atmosphere and dominates the diffuse light spectrum, while angle restriction is primarily beneficial as light trapping for longer wavelengths. A narrowband angle restrictor, optimized for light trapping at longer wavelengths, near the band edge, and transmission of high angle (diffuse) light at short wavelengths, may allow for a performance enhancement in more realistic cells with more significant parasitic losses. The design and performance of such a narrowband angle restrictor is discussed further in the next section.
III. ANGLE RESTRICTOR DESIGNS
In all the preceding calculations, we have assumed an ideal angle restrictor: lossless, with either 100% reflection or transmission, and no wavelength dependence. There has been significant prior work focused on designing such structures for both crystalline and amorphous silicon cells [3] , [14] [15] [16] [17] . However, most of this work has focused on structures that limit the escape angle only over a narrow wavelength range for very thin, idealized solar cells or has been more conceptual. Here, we consider both narrowband and broadband angle restrictors and analyze the effects of these structures on the performance of both the idealized and heterojunction silicon cells over a range of thicknesses.
A. Narrowband Angle Restrictor
To achieve narrowband angle restriction, we consider a multilayer structure with alternating high and low refractive index. While the design considered here is more sophisticated, the angle restriction effect may be understood by considering the Bragg condition for reflection from a periodic stack with alternating high and low index layers
where θ m is the angle of maximum reflectivity, λ is the wavelength, Γ is the period of the multilayer, and m is an integer [31] . Thus, for shorter wavelengths, maximum reflection occurs away from normal incidence achieving the desired angle restriction effect. To avoid undesirable second-order reflecting bands, and other normal incidence reflections, we utilize a rugate structure, with a gradual variation of refractive index [15] , [16] , [32] , [33] . We assume the cell is placed under glass (n = 1.5), as is common in a module, and that gradual index variation between 1.5 and 2.5 may be achieved with SiO 2 /TiO 2 codeposition [34]- [36] . We also assume that the rugate structure is deposited in place of an antireflective (AR) coating between the glass and the solar cell. As a comparison case, we consider a graded index AR coating with a quintic-type refractive index profile deposited at the same interface and with the same range of refractive index [37] . The transfer-matrix method is used to calculate the performance of the thin film structures. Reflections off the overlying glass (n = 1.5) were included with a multipass model. Fig. 5(a) shows the refractive index profiles of the optimized rugate anglerestricting structure and the graded index coating.
The calculated reflectivity as a function of angle of incidence and wavelength for the two coatings is shown in Fig. 5(b) and (c). The reflectance at normal incidence is very similar for both cases. Thus, the rugate structure avoids additional optical losses. The rugate structure shows a sharp transition in reflectivity at a given angle, in the wavelength range 1050-1200 nm. In this wavelength range, the light escape cone is thus limited, as desired.
To calculate the performance of a cell with the rugate anglerestricting coating described above, we replace the factors of sin 2 (θ e ) in the model with a wavelength dependent angleaveraged transmission, determined from the reflectivity results shown in Fig. 5(b) and (c). As shown in Fig. 5(d) , for an ideal cell, optimal thickness decreases from 110 to 80 μm. For the heterojunction cell, efficiency increases 0.3% abs with a 7-μm decrease in optimal thickness. As the angle restriction is relatively narrowband, the angle restrictor will still capture a majority of the diffuse light in the short wavelength range and any gains in efficiency for the direct portion of the spectrum would likely improve the overall performance of the system under realistic conditions.
B. Broadband Angle Restrictor
The results above suggest that narrower angle restriction over a broader wavelength range will be required to achieve the efficiency increases calculated for the ideal angle restrictor. To explore this further, we examined a broadband ray-optical angle restrictor, which utilizes an array of hexagonal solid compound parabolic concentrator (CPC) structures as shown in Fig. 6 (a) [30] . In this design, similar to that proposed by Green, the CPC structure utilizes total internal reflection to direct light near normal incidence to the output aperture where it enters the cell [3] , [14] . Except for the area under the output apertures of the CPCs, the top surface of the cell is coated with a metallic reflector, such that light inside the cell can only escape through the output apertures and light trapping is enhanced.
As in the previous section, we assume that the CPC array and solar cell is under the glass with index of 1.5. We also assume that the solid CPC structures have constant refractive index of 1.5, and that the graded-index AR coating presented in Fig. 5 is deposited between the CPC output apertures and the silicon cell below. Ray tracing simulations, were used to calculate the reflectivity as a function of incident angle for the wavelength range of interest, and representative results at 1000 nm are shown in Fig. 6(b) . At other wavelengths, the reflectivity is similar with the small wavelength dependence due to the AR coating between the CPC array and the silicon below. We note that achieving narrow angle restriction with good transmission requires including a conical section at the bottom of the CPC to narrow the range of output angles from the structure and avoid rejected skew rays [30] . As shown in Fig. 6(b) , the conical section leads to a higher aspect ratio structure. Ideally, however, the spacing between the reflector holes would be no larger than the carrier diffusion length (typically 2-3 mm for n-type solar Si); therefore, the CPC structure would be on the order of a few to several millimeter tall.
Similar to the previous section, we incorporate the ray tracing results into the detailed balance model. We also include the losses from the nonideal reflector between the CPC apertures. Thus, the fraction of the light that escapes P esc replacing sin 2 (θ e ) is now expressed as
whereT is the angle-averaged transmission determined from ray tracing, A r is the fraction of the top surface area covered by the reflector, and R t is the reflectivity of reflector, which covers the top surface of the cell between the CPC output apertures, which is assumed to be 98% in this case. n g is the refractive index of the material between the solar cell and reflector, which is assumed to be 1.5.
Using the above expression, we calculate the efficiency as a function of cell thickness for both the ideal and heterojunction cell models for two different CPC designs. The narrower CPC shape is defined by a 5°acceptance angle with a 57°output angle, with an effective angle restriction of 10°. The broader CPC geometry has a 15°acceptance angle with an 83°output angle, with an effective 25°angle restriction. Refraction at the glass-air interface leads to the larger effective acceptance angle [30] . As shown in Fig. 6(c) , for the smaller escape angles, the efficiency improvements suggested by Figs. 1 and 2 are realizable. For the heterojunction structure, 0.8% abs efficiency improvement is found for the CPC structure with 10°escape angle, with the optimal thickness decreasing substantially to 62 μm. For the CPC structure with a larger, 25°, escape angle, an efficiency enhancement of 0.6% abs is observed. Such a structure would also allow for cheaper, less-accurate tracking, and more utilization of diffuse light. For the ideal cell, Fig. 6(c) shows the effects of the CPC geometry are larger, with optimal thicknesses as thin as 10 μm and efficiency increases of 1.5% abs . Thus, significant efficiency benefits for silicon solar cells are possible with realistic angle-restricting optical structures.
IV. CONCLUSION
Restricting the light escape angle with an external optic has potential to further improve the performance of silicon solar cells by improving light trapping, allowing for thinner, more efficient cells in a flat plate geometry. Considering only the normally incident direct spectrum, and using a detailed balance approach, we have reevaluated the ideal, Auger-limited case and found that efficiency increases of up to 3% abs may be expected with very thin cells and narrow angle restriction. Considering the performance characteristics of record heterojunction and homojunction cells, we have found that the efficiency benefits of angle restriction are most significant in the heterojunction case, where 1.0% abs efficiency increases under AM1.5 direct irradiance are expected for cells that are half as thick as current optimum cells. Unlike the idealized case, heterojunction and homojunction devices with surface and bulk recombination, and including parasitic optical losses, we find that limiting the escape angle more narrowly than 10°has minimal additional benefit. Angle restriction may also be used in concert with low to moderate external concentration, for addition efficiency enhancements. Loss of high angle, diffuse light requires excellent surface passivation and limited parasitic losses in inactive layers and reflections. Minimizing these current losses are crucial to achieving the maximal performance benefits with angle restriction. Finally, we have considered both narrowband rugate-based and broadband ray-optical angle restrictor designs. With the rugate structure, narrow escape angles are limited to a specific bandwidth (in this case 1050-1200 nm), and efficiency benefits are modest for both the heterojunction and ideal structures, with small changes in the optical thickness, but potentially improved use of diffuse light. In contrast, broadband angle restrictors can result in narrower escape angles, and show significant efficiency benefits and reductions in the optimal cell thickness, but might remain limited due to the loss of diffuse light. Based on these calculations, recent results with combined interdigitated back contact and heterojunction with intrinsic layer technology [1] , and recently demonstrated technologies for micro-CPC-based structures [7] , [38] and high-quality thin c-Si substrates [39] [40] [41] [42] make this concept particularly relevant today. We envision broadband angle restriction with a CPC-based ray optical structure used in either a flat plate geometry or with low to moderate external concentration to demonstrate enhanced performance of crystalline silicon solar cells as they approach fundamental materials limitations.
